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Abstract 
_I_- 

The material  presented h e r e i n  i s  d iv ided  i n t o  t h r e e  main 

areas o f  accomplishment. The f i r s t  i s  a d e s c r i p t i o n  of t h e  

Angle Only Docking Sensor concept and t h e  computational re- 

quirements t o  develop u s e f u l  guidance information from t h e  

r a w  angle  on ly  data. The second describes t h e  a n a l y t i c a l  

e f f o r t  i nc lud ing  t h e  M I T  in-house computer s imula t ion ,  t h e  

development o f  guidance equ t i o n s  and v e h i c l e  s t a b i l i t y  re- 

l a t e d  thereto,  and p resen t s  t h e  r e s u l t s  of s t u d i e s  covering 

t h e  e f fec ts  of employing Kalman f i l t e r i n g  with t h e  sensor 

under study. The t h i r d  a rea  p re sen t s  t h e  conclusions and 

recommendations r e s u l t i n g  from t h e  program. 

Much of t h e  material h e r e i n  has  appeared i n  previous 

r e p o r t s ,  b u t  i s  included here fo r  t h e  sake of completeness. 

Sec t ion  1.1 inc ludes  new material  i n d i c a t i n g  how t h e  computer 

might ope ra t e  t o  i d e n t i f y  t h e  i n d i v i d u a l  sources  i n  t h e  t a r g e t  

a r r ay .  The guidance equat ions  developed i n  Sect ion 2 .2  rep.- 

r e s e n t  t h e  mast s i g n i f i c a n t  increase i n  new material .  O t h e r  

more r e c e n t l y  acqui red  information i s  included i n  t h e  va r ious  

related s e c t i o n s ,  
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AUTOMATIC DOCKING STUDY 

F i n a l  Report 

1 .0  The Angle Only Docking Sensor Concept 

1.1 Sensor Sub-system Descr ip t ion  

This  automatic  docking system embodies a sensor configura-  

t i o n  which measures l ine-of -s ight  ang le s  t o  energy reflectors,  

b a c k s c a t t e r e r s  o r  sources  ( h e r e a f t e r  c a l l e d  sources)  uniquely 

mounted on another  v e h i c l e  such a s  a space s t a t i o n  ( h e r e a f t e r  

c a l l e d  t h e  s u b j e c t ) .  A p r i o r i  knowledge of t h e  l o c a t i o n  of 

t h e  sources  on t h e  s u b j e c t  i s  requi red .  The l ine-of -s ight  da t a  

i s  processed by s p e c i a l  computation t o  develop range and a t t i -  

tude  information which may be used d i r e c t l y  with a guidance o r  

monitoring system. Range-rate, a t t i t u d e - r a t e ,  and o the r  per- 

t i n e n t  parameters of dynamic geometry necessary f o r  s p e c i f i c  

a p p l i c a t i o n s  can be developed from t h e  measured and computed 

d a t a  of t h i s  system. 

Because t h e  measurement technique r e q u i r e s  only angle  i n -  

formation, t h e  hardware implementation of t h e  sensor i s  expected 

t o  possess  t h e  advantages of s i m p l i c i t y ,  r e l i a b i l i t y ,  low weight 

and l o w  power consumption. 

v i d e s  t h e  d e s i r a b l e  character is t ic  of m o r e  a ccu ra t e  s o l u t i o n s  

f o r  range a s  t h e  ranqe t o  t h e  s u b j e c t  i s  decreased. It i s  i d e a l l y  

s u i t e d  for  a p p l i c a t i o n  i n  t h e  docking of spacec ra f t ,  or f o r  s t a -  

t ionkeeping between t w o  v e h i c l e s  i n  space. It f u r t h e r  can be used 

dur ing  rendezvous and for  hor izon  and s ta r  s igh t ings .  

This  measurement technique a lso pro- 

Figure 1 shows t h e  geometry which e x i s t s  between t h e  sensor 

and t h e  ta rge t .  P o s i t i o n s  1, 2 ,  3 ,  and 4 are t h e  l o c a t i o n s  of 
- - - 

12' R13' R14, t h e  sources  i n  t h r e e  dimensional space. The vec torz  R 
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- - 
and E are shown i n  t h e  s u b j e c t  coord ina te  system 

R 2 3  I R*4' 34 
between t h e  sources  and are pre-determined by design (see Figure 

2 ) .  T h e  sensor  measures t h e  azimuth and e l e v a t i o n  ang le s  (a 

e . )  t o  each source and passes  t h i s  information t o  a computer. 

Associated with each set of azimuth and e l e v a t i o n  ang le s ,  e.g., 

with a e i s  a l ine-of -s ight  between t h e  o r i g i n  of t h e  sensor  

r e fe rence  coord ina te  system and t h e  p a r t i c u l a r  source. The 

i' 

1 

3' 3 '  

- 
etc.  f o r m  12' R13' l ines-of -s ight  t oge the r  w i t h  t h e  vectors 

t r i a n g l e s  wi th  a common v e r t e x  po in t  a t  t h e  o r i g i n  of t h e  senn 

sor r e fe rence  coord ina te  system, The computer func t ions  t o  

c a l c u l a t e  t h e  l eng ths  of these l ines-of  - s igh t  based on t h e  

v e c t o r s  de f in ing  t h e  source l o c a t i o n s  and t h e  measured ang le s  

(ai ,  eil . 
Ambiguities can e x i s t  when the 

a t e  f r o m  a l l  d i r ec t ions  r e l a t i v e  t o  

coverage) . Under m o s t  c i rcumstances 

sensor  i s  requi red  t o  oper- 

t h e  s u b j e c t  (477 s t e r a d i a n  

t h e  computer can develop 

unique s o l u t i o n s  fo r  t h e  range t o  each source: however, t h e  

amount of computation and comparison r equ i r ed  t o  o b t a i n  t h e  

s o l u t i o n  becomes p r o h i b i t i v e .  

Analysis  h a s  shown t h a t  t h e  volume of computational t r i a l  

and error can be reduced cons iderably  i f  system ope ra t ing  l i m i t s  

are def ined  and known,and t h e  source conf igu ra t ion  i s  designed 

t o  p e r m i t  r ecogn i t ion  of one source by i t s  angular  p o s i t i o n  

r e l a t i v e  t o  t h e  o t h e r  sources  under a l l  allowed a t t i t u d e  rela- 

t i o n s h i p s  between source and s u b j e c t  w i t h i n  t h e  def ined  opera- 

t i n g  l i m i t s .  See Figure 3 .  Hence, it i s  no t  requi red  t h a t  the  

sources  be i n d i v i d u a l l y  i d e n t i f i e d  by t h e  sensor ,  i.e., t h e  

system does not  r e q u i r e  t h a t  i t s  sensor  p o r t i o n  d i s t i n g u i s h  

and re la te  a given source w i t h  i t s  associated azimuth angle ,  

e l e v a t i o n  angle  and l ine-of -s ight .  An i n t r i n s i c  advantage of 
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t h i s  system i s  i t s  a b i l i t y  t o  compute r e l a t i v e  d i s t ance ,  ve l -  

o c i t y  and a t t i t u d e ,  without  t h e  necess i ty  of s igna tu re  i n f o r -  

mation from t h e  ind iv idua l  sources.  Figure 4 p re sen t s  a 

l o g i c  procedure by which t h e  computer i s  enabled t o  i d e n t i f y  

t h e  s p e c i f i c  sources.  

The computer i n i t i a t e s  i t s  c a l c u l a t i n g  process  by s e l e c t i n g  

t h r e e  of t h e  four  poss ib l e  l ines-of -s ight  a long w i t h  three 

source p o s i t i o n  v e c t o r s ,  and three s e t s . o f  measured azimuth and 

e l e v a t i o n  angles .  A t  long ranges,  t h e  f irst  set of t h r e e  sources 

inc ludes  t h e  t h r e e  sources  a t  t h e  e x t r e m i t i e s  of t h e  source con- 

f i g u r a t i o n  simply t o  y i e l d  g r e a t e r  accuracy t o  the  so lu t ions .  

For c lose  ranges,  t he  computer drops t h e  most extreme source 

and r ep laces  it w i t h  t h e  remaining source c l o s e r  t o  the  subject  

coordinate  o r ig in .  The computer then increments through t h e  

three equat ions  corresponding t o  t h e  remaining sources and de- 

velops s o l u t i o n s  f o r  t h e  range t o  a l l  sources.  Once t h e  ranges 

t o  the  sources  have been a sce r t a ined ,  t h e  computer develops a 

t r a n s f e r  matr ix  descr ib ing  t h e  o r i e n t a t i o n  between t h e  sensor 

and sub jec t  coordinate  system. The matr ix  then  provides t h e  

means of determining t h e  e x i s t i n g  Euler angles  between veh ic l e s  

and t h e  subsequent s o l u t i o n  f o r  t h e  range between docking hatches.  

Rela t ive  v e l o c i t y  and angle  r a t e s  a r e  then der ived by averaging 

t h e  d i f f e rence  between consecut ive s o l u t i o n s  f o r  p o s i t i o n  and 

angle  . 
There are seve ra l  hardware conf igura t ion  opt ions  f o r  the 

sensor as w e l l  a s  mathematical procedures f o r  so lv ing  the  assoc- 

i a t e d  geometry. The  source or r e f l e c t o r  conf igura t ion  may a l s o  

have many forms depending upon t h e  desired ope ra t iona l  l i m i t s  

of range and a spec t  angle  between sensor  and sub jec t ,  

6 



Figure  4 

S X S C E  1 D E N T I F  i CATION PROCEDURE 

&zd y, z coordinates for each sourcelref lector return. 

,n,":3ik A 

Pt',= r k  B 

PIJ rk c 
Mlz rk D 

Greatest l'zi' reading and corresponding "y" reading. 

Next greatest "z" reading and corresponding "y" reading. 

Next greatest "z" reading and corresponding "y" reading, 

las t  "z" reading and corresponding "y" reading. 

Select ratios which are equal to w i th in  f 1%. 

Size in descending order the ay's for each of the  equal ratios. 

Invert, i f  Pecessary to make a l l  selected individual ratios >1. 

Corn pa re ratios to 6.25 t 0.06. 

Accept ratios wh ich  fal l  w i th in  l imits. 

The l ine  wi th t h e  largest Ay of t h e  accepted ratios i s  terminated by sources #1 and #4 

"lie l i ne  wi th  the smallest A y  of t h e  accepted ratios is terminated by sources #1 and #2. 

- i i l e  common source is  #1. 

Tne extreme source i s  #4. 

The source between i s  #2. 

Ti2 iernaining source i s  #3. 
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1.2 Sensor Configurat ion 

For automatic  docking, an  important requirement for t h e  

sensor  i s  the  c a p a b i l i t y  t o  sense t h e  mul t ip l e  sources  and t o  

measure the  ang le s  of t h e  l ines-of -s ight  t o  t h e m  s imultaneously 

or nea r ly  s imultaneously t o  prevent  s t a l e n e s s  of computed d a t a  

and r e s u l t i n g  c o n t r o l  errors. 

The m o s t  feasible and r e a d i l y  a v a i l a b l e  hardware configura-  

t i o n s  for  t h i s  purpose a r e  phototube dev'ices. A v id icon  can raster 

scan i t s  e n t i r e  f i e l d  of view i n  s e v e r a l  mi l l i seconds  and i s  

q u i t e  s u i t a b l e  for  the  docking and s t a t ionkeep ing  opera t ions .  

The s e n s o r ' s  u se fu lness  can be increased  t o  accomplish rendez- 

vous and s ta r  s i g h t i n g  and horizon scanning by r e p l a c i n g  t h e  

v id icon  w i t h  a high g a i n  image dissector as  t h e  hear t  of the  

sensor  r e c e i v e r  which can also perform t h e  docking and s t a t i o n -  

keeping func t ions .  

1 . 3  Source/Reflector Configurat ion 

T h e  conf igu ra t ion  of the  sources  or r e f l e c t o r s  i s  dependent 

upon many condi t ions :  

a )  t h e  s i z e  and shape of t h e  s u b j e c t  v e h i c l e  or s t r u c t u r e ,  

b) i n t e r f e r e n c e  w i t h  o the r  equipment - e i t h e r  p h y s i c a l l y  

or by r a d i a t i o n ,  

c) t h e  amount of s p h e r i c a l  coverage about  t h e  s u b j e c t  

v e h i c l e  r equ i r ed  for sensor  ope ra t ion ,  

d) sensor  f i e l d  of view, r e s o l u t i o n ,  and accuracy a t  

minimum and maximum ope ra t ing  ranges.  

Although the  source arrangement can be designed t o  ope ra t e  

over a complete sphere of 477 s t e r a d i a n s ,  such a n  o p e r a t i o n a l  

requirement i s  h i g h l y  u n l i k e l y  and u s u a l l y  unnecessary i n  

8 



p r a c t i c e .  I n  f a c t ,  jud ic ious  choice of t h e  angular  opera t ing  

region of t h e  system r e s u l t s  i n  computational s i m p l i f i c a t i o n .  

T h i s  po in t  i s  i l l u s t r a t e d  by t h e  conf igura t ion  of Figure 2 

which assumes no c o n f l i c t  w i t h  condi t ions  ( a )  and (b) above 

but  which i s  designed t o  opera te  with a sensor always wi th in  

a f30° cone symmetrically o r i en ted  about t h e  sub jec t  veh ic l e  

a x i s ,  f o r  example, w i t h  t h e  apex of t h e  cone a t  t h e  docking - 
R 12' 13' hatch. Based on t h i s  opera t ing  reg ion ,  t h e  vec to r s  fi 

- - 
R have been selected t o  a s su re  t h a t  t h e  vec to r s  be tween 14 
sensor and sources  (Figure 1) w i l l  always s a t i s f y  t h e  r e l a -  

< R 2 ,  R2 < R3, R 1 3 < R4. The s o l u t i o n  f o r  these t i o n s h i p  R 

ranges may now be obtained by computing s i n g l e  r o o t s  rather 

than a l l  e i g h t  r o o t s  t o  each set  of equat ions a s  described on 

pages12 and 13.  

F u r t h e r  computational s i m p l i f i c a t i o n  occurs i f  t h e  ind i -  

v idua l  sources  a r e  arranged t o  permit the i r  unique i d e n t i f i c a -  

t i o n  w i t h i n  t h e  60° opera t ing  cone by t h e i r  r e l a t i v e  loca t ion .  

To i l l u s t r a t e  t h i s  p o s s i b i l t y ,  Figure 3 shows p a t t e r n s  r e s u l t i n g  

from t h e  p a r t i c u l a r  choice of source l o c a t i o n s  of Figure 2 when 

viewed by t h e  sensor a t  t h e  cen te r  and a t  8 extreme l o c a t i o n s  

about t h e  cone. 

d e s p i t e  sub jec t  veh ic l e  a t t i t u d e  changes wi th in  t h e  opera t ing  

cone. For example, sources  1, 2 ,  and 4 are always along a 

Cer t a in  c h a r a c t e r i s t i c s  of t h e  p a t t e r n  p e r s i s t  

s t r a i g h t  l i n e  with po in t  2 between po in t s  1 and 4. See Figure 

3, By recognizing these p a t t e r n  characterist ics,  t h e  need f o r  

computer guesswork i n  s e l e c t i n g  t h e  l ines-of  - s igh t  t o  t h e  var ious  

sources  i s  reduced or  avoided, thereby e l imina t ing  t h e  a d d i t i o n a l  

computation associated with t r i a l  and e r r o r  and allowing t h e  

r e l a t i v e  geometry t o  be solved wi th  only one set of equat ions ,  

i . e . ,  us ing only t h r e e  source l ines-of -s ight  f o r  t h e  so lu t ion .  

9 



Thus the conf igura t ion  shown provides  t h e  sensor  and i t s  comp- 

u t a t i o n a l  system with t h e  a b i l i t y  t o  a s s o c i a t e  t h e  proper 

l ines-of -s ight  t o  each source and t o  so lve  for  t h e  range t o  

each source unambiguously, w i th in  t h e  l i m i t s  of sensor angle  

accuracy. 

dure f o r  source i d e n t i f i c a t i o n ,  

Again Figure 4 i l l u s t r a t e s  a poss ib l e  l o g i c  proce- 

T h i s  conf igura t ion  a l s o  o f f e r s  another  advantage t o  t h e  

sensor-computer system i n  cons ide ra t ion .o f  condi t ion  ( d ) .  

may be selected t o  allow more The lengths  of E,,, 

accura te  s o l u t i o n  a t  maximum ranges by choosing l a r g e  d is -  

tances  between p o i n t s  1 and 3 ,  and 1 and 4. I n  a docking 

operat ion where t h e  d i s t ance  between v e h i c l e s  cont inues t o  

decrease a f t e r  alignment and an a i m  po in t  p o s i t i o n  have been 

achieved, t h e  sensor-computer system can, a t  t h e  proper range, 

drop t h e  l a r g e r  l ine-of -s ight  angle  source 4 and operate  w i t h  

sources 1, 2 ,  and 3 ,  thereby reducing t h e  sensor f i e l d  of view 

requirement.  

- - 
R13' R14 

1.4 Computation 

Several  approaches f o r  so lv ing  t h e  geometry e x i s t .  One 

method i s  t o  employ vec tor  a n a l y s i s .  The sensor supp l i e s  t h e  

angles  (%,el: a 2 ,  e2;  a3,  e3; a4 ,  e ) t o  the four  sources  o r  

r e f l e c t o r s  as  shown i n  Figure 1. Forti33 purpose of t h i s  ex- 

ample it i s  assumed t h e  sensor cannot d i f f e r e n t i a t e  between 

sources ,  bu t  can p a i r  t h e  azimuth and e l e v a t i o n  angles  prop- 

e r l y .  

4 

Each angle  e x i s t i n g  between the  l ines-of -s ight  i s  com- 

puted: 

= ( u n i t  E.) ( u n i t  E . )  
cos 'i1 1 7 

10 



o r  

cos c) = cos a cos e cos a cos e 
i j  i i j j 

i i j j 

i j 

+ s i n  a cos e s i n  a cos e 

+ s i n  e s i n  e 

The computer so lves  for t h e  cos ines  of all angles  between 

t h e  l ines-of -s ight  a s  viewed from the sensor:  

and e 3 4  
8 

'12' '13' '14' 23'  

The equat ions f o r  s o l u t i o n  of t h e  t r iangles  reduce to t h e  

law of cosines:  

Set 1 (1-2-3-1) 

L L 
(1 - cosde 

1 2  * J R 1 2  - R1 1 2  
R2 = R cas0 1 

2 - 3 2 (1 - cos 2 e'23)d 
R3 = 3 23 2 

R1 = 3 
2 2 (1 - cos 2 e 1 

13 13 * JR13 - R3 

Set I1 (1-3-4-1) 

2 
(1 - COS e ) 

I 2  2 
1 3  * J R 1 3  - R1 1 3  

R3 = R cos8  1 

* JR34 2 - R~ 2 (1 - cos 2 e34) 
3 4  

R~ = R cose 3 

L L L 
(1 - cos 014) R1 = 4 cOse 14 * JR14 R4 

11 



Se t  111 (1-2-4-1) 

L - R~ L (1 - cos L el,) 
R2 = 1 1 2  * J R l 2  

2 - R~ 2 (1 - cos 2 824) 
R4 = 2 c0se24 ' J R 2 4  

2 2 - R4 (1 - COS e14) 14 R~ = R cose  4 
- 

where R R R R are t h e  magnitudes of vec to r s  E R z3, 

R24,  R34, a r e  t h e  magnitudes of vec to r s  E 

1' 2 '  3' 4 1' 2 '  

13' R14' R23'  

1 2 '  R13' R14' R23' R24' 

and R4 r e spec t ive ly ,  see Figure 1, and where R12' R - - - - 
- 

r e spec t ive ly .  The sets of equat ions  each have e i g h t  poss ib l e  R34 
so lu t ions .  However, a s  noted i n  Sec t ion  1.3, i f  t h e  sensor i s  

loca ted  wi th in  a predetermined cone whose apex i s  a t  the sub jec t  

coordinate  system o r i g i n  and t h e  cone a x i s  i s  co inc ident  with 

t h e  sub jec t  -X'-axis and t h e  sources  a r e  loca t ed  on t h e  sub jec t  - - - - 
and R34 1 2 '  R13' R14' R24' i n  a manner which causes t h e  v e c t o r s  E 

t o  have angles  with r e spec t  t o  t h e  x-axis of the subject coordin- 

a t e  system t h a t  are less than  t h e  complement of t h e  cone r a d i u s  

angle ,  t h e  e i g h t  roots of each set of equat ions  reduce t o  a s i n g l e  

root i n  each case. 

0 Thus wi th  a n  opera t ing  cone of 60 diameter and with the  - 
R13, e tc)  properly s e l e c t e d  source conf igura t ion  v e c t o r s  (E 

a s ,  f o r  example i n  Figure 2 where R < R2'  R < R and R < R4 1 2 3 3 
w i l l  always be t r u e ,  t h e  mul t ip l e  roots can be e l imina ted  s i m -  

p l i f y i n g  t h e  equat ions  to: 

1 2  ' 

S e t  I 

2 (1 - COS e ) 
2 2 

1 2  + J~12 - 1 2  
R~ = R c o s e  1 

12 



L L (1 - cos e ) 13 - R3 13 R~ = R cose  3 

S e t  11 

2 2 - R (1 - cos 8 ) 
2 

3 1 13 b13 1 13 R = R cos0 4- 

2 2 - R3 (1 - COS 034)  
2 

34 + J.34 R4 = R cos6 3 

S e t  I11 

2 (1 - cos e ) 
2 

1 2  + J ~ 1 2 ~  - ~1 12 R~ = R cos0 1 

2 2 2 - R2 (1 - COS 024) 
24 

R~ = R cose24 2 

2 2 2 - JR14 - R4 (1 - cos e14) 14  R~ = R  COS^ 4 

The fou r th  source i s  present  f o r  two reasons.  The f i r s t  

i s  t o  provide t h e  sensor  system with an opt ion  f o r  choosing t h e  

best combination of three sources  for s o l u t i o n  of a t r i ang le  

which y i e l d s  t h e  more accu ra t e  range r e s u l t s ,  or t o  select 

sources  which f a l l  w i th in  t h e  sensor  f i e l d  of view a t  c l o s e  

ranges.  

The second reason r e l a t e s  t o  t h e  gene ra l  case where t h e  

ind iv idua l  sources  a r e  not  i d e n t i f i a b l e ,  e i t h e r  by s igna tu re  

13 



o r  by their  r e l a t i v e  p o s i t i o n  i n  t h e  conf igu ra t ion  p a t t e r n  as  

viewed by t h e  sensor.  Under t h e s e  circumstances t h e  fou r th  

source allows t h e  development of t h r e e  sets of equat ions  i n  

order  t h a t  t h e  computer can check for  poss ib l e  ambiguity i n  

t h e  s o l u t i o n s  for range. Hence t w o  sets of equat ions  should 

be solved and agreement between s o l u t i o n s  achieved t o  i n s u r e  

t h a t  t h e  correct s o l u t i o n s  have been a t t a i n e d .  

The conf igura t ion  descr ibed i n  Sec t ion  1.3 provides a 

means for t h e  computer t o  i d e n t i f y  a l l  sources  and avoid t h e  

need f o r  computing and comparing r e s u l t s  f o r  more than  one 

set of three sources  t o  ob ta in  unambiguous ranges t o  t h e  

sources.  

One procedure f o r  s o l u t i o n  of t h e  simultaneous equat ions  

i s  t o  l e t  R equal  t h e  maximum ope ra t iona l  range f o r  the  device 

and so lve  f o r  R 
1 

Rj, and/or R4 as  t h e  case may be. The solu- 
2'  

t i o n  f o r  R i s  compared with t h e  inpu t  value for  R and t h e  1 1 
d i f f e rence  taken. The inpu t  value of R i s  then  decreased 

by 50%, for  example, and another  computation made. Again 

t h e  "R i n "  i s  compared w i t h  t h e  "R ou t" ,  t h e  d i f f e rence  

taken and the  d i f f e r e n c e  t e s t e d  f o r  p o l a r i t y  change. I f  no 

p o l a r i t y  change occurs ,  t h e  "R i n "  is again  reduced t o  50% 1 
of i t s  l a s t  value and t h e  procedure repea ted  u n t i l  a p o l a r i t y  

change i n  t h e  d i f f e r e n c e  occurs.  

1 

1 1 

When t h e  p o l a r i t y  change does occur,  t h e  l a s t  selected 

value f o r  "R i n "  i s  increased  by 50% of i t s  value and t h e  

and "R ou t"  i s  p o l a r i t y  of t he  d i f f e r e n c e  between "R i n "  
1 

1 1 
tested. This  procedure,  i nc reas ing  or decreasing "R i n "  by 1 
50% of each increment taken,  i s  repeated u n t i l  t h e  d i f f e r e n c e  

and "R ou t"  i s  c o n s i s t e n t  w i t h  t h e  desired between "R i n "  

error l e v e l .  
1 1 

14 



Fas te r  convergence t o  a s o l u t i o n  f o r  t h e  ranges can be 

r e a l i z e d  i f  i n t e r p o l a t i o n  o r  e x t r a p o l a t i o n  techniques are 

employed should t h e  r e a l  t i m e  consumption be undesirable .  

3 l  
s i n y  

3 cosy  

Once t h e  ranges have been obtained,  t h e  s a l u t i o n  f o r  

t h e  r e l a t i v e  a t t i t u d e  between t h e  two v e h i c l e s  can be achieved. 

BY d e f i n i t i o n ,  t h e  fol lowing angles  r ep resen t  t h e  r o t a t i o n  of 

t h e  sub jec t  coord ina tes  w i t h  r e spec t  t o  t h e  re ference  coordin- 

a te  system: 

- r o t a t i o n  about t h e  x-axis 

- r o t a t i o n  about t h e  d isp laced  y-axis 

- r o t a t i o n  about the d isp laced  z-axis 

y1 

y 2  

y 3  

A t r a n s f e r  matr ix ,  M ,  de sc r ib ing  t h e  r e l a t i v e  a t t i t u d e  

between sensor and source coordinate  systems may be developed, 

M = M  M M 
Z Y X  

where 

- 
0 

I ! 

-sin, 1 
21 

I 
O 

I 

1 
I 
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0 

cosy 1 

1 - s i n y  

M =  

where 

- 
1 2  

m 11 m 

2 1  m 

32  m 
31 m - 

- 
1 3  

m 

2 3  ' m 

33 
m - 

3 m = c o s y  c o s y  11 2 

3 m = s i n y  s i n y  c o s y  + cosy  s i n y  1 2  1 2 3 1 

m = -cosy s i n y  c o s y  + s i n y  s i n y  13 1 2 3 1 3 

3 m = -cosy  s i n y  

m = - s i n y  s i n y  s i n y  + cosy  c o s y  

m = c o s y  s i n y  s i n y  + s i n y  c o s y  

2 1  2 

22 1 2 3 1 

23 1 2 3 1 

3 

3 

2 m = s i n y  

m = -s iny cosy2 

3 1  

32 1 

m = cosyl  cosy2 33 

The placement of t h e  sources i n  subject coordinates i s  

described by t h e  vectors: 
- - - - - 

a n d  E as  shown i n  F igure  2 .  34 R R12' R13' R14' 23 '  R24'  

16 



L e t  E r ep resen t  one of the  v e c t a r s  which e x i s t  between li 
t h e  subject coordinate  system o r i g i n  (source 1) and any o the r  

source on t h e  sub jec t .  

-S M ER - li -. Rli 

where t h e  s u p e r s c r i p t  i d e n t i f i e s  t h e  coordinate  system i n  which 

t h e  veckor i s  resolved,  and M T is t h e  t ranspose of M. 

M 

---.c 

From Figure 1: 

I n  c e r t a i n  special cases  such as t h e  conf igura t ion  shown 
9 

i n  Figure 2 ,  where R,, i s  shown i n  l i n e  w i t h  and p a r a l l e l  t o  
.L- 

-R -R -S -S - 
X R13, must  be used 

would 
12 t h e  c r o s s  products ,  R12 X R13 and R 

-S $2 ' R 

i n  l i e u  of ER and R14 r e s p e c t i v e l y  s ince  t h e  use of E 
14  14 

not  a l low completion of t h e  matrix.  

1' y 2  The s o l u t i o n  for M above determines t h e  angles  y 

3 and y which are solved a s  follows: 

31  s i n y  m 
2 
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2 1  
3 cosy 

m 
s i n y  = - - 8 

2 

and 

32 
m 

s iny  = - . 
2 1 cosy 

If any of t h e  above angles  a r e  allowed t o  exceed 90° i n  

magnitude, it i s  requ i r ed  t o  so lve  t h e  fol lowing equat ions  a s  

necessary t o  avoid ambiguous answers. 

33 
m 

I 

2 

2 1  c o s y  = I 2 s i n y  

m 

3 

and 

11 m 
c o s y  = 0 

2 3 cosy 

F ina l ly ,  t h e  p o s i t i o n  vec to r ,  E, between t h e  docking hatches or  

o the r  l oca t ion ,  such as  an a i m  po in t ,  can be computed i n  t h e  

re ference  frame as follows: 

-R T -S -R GR = R1 + M RID - RSD 

The information thus  der ived  from t h i s  technique i s  now s u f f i c -  

i e n t  f o r  a guidance system t o  c o n t r o l  i t s  own veh ic l e  i n  any 

d e s i r e d  p o s i t i o n  o r  o r i e n t a t i o n  with r e s p e c t  t o  t h e  sub jec t  

vehic le .  

Another technique f o r  so lv ing  t h i s  geometry i s  t o  employ 
? 

t h e  Law of Sines where aga in  t h r e e  sets of t h r e e  equat ions  are 

18 



developed al lowing a s o l u t i o n  f o r  t h e  ranges t o  be accomplished 

by methads similar t o  those  prev ious ly  descr ibed,  

Xtera t ive  and o t h e r  incrementing techniques can be employed 

t o  ob ta in  s o l u t i o n s  for t h e  ranges,  E u l e r  angles ,  and r e l a t i v e  . 

p o s i t i o n  of t h e  t w o  v e h i c l e s  or okject, 

Although t h e  sensor  coordinakes have been used a s  t h e  r e f -  

erence coord ina tes  i n  t h i s  d e s c r i p t i o n ,  any convenient coordin- 

a t e  system can be s e l e c t e d  as c o o r d h a t e s  t o  accommodate spec i , f ic  

app l i ca t ions .  

19 



2 .O Analysis  Accomplished 

2 .1  Computer Simulation 

Completion of t h e  d e f i n i t i o n  of t h e  overallcomputer 

s imulat ion program w a s  accomplished, 

i n  Figure 5, t h e  s imula t ion  w i l l  eva lua te  t h e  angle  only  

sensor performance without  t h e  b e n e f i t  of f i l t e r i n g  or es t i -  

mation techniques.  It i s  f u r t h e r  recognized t h a t  t h e  random 

number generator  i s  not  a f u l l y  r e p r e s e n t a t i v e  e r r o r  model 

f o r  t h e  sensor.  Boxes ( 2 ) ,  ( 3 ) ,  and (5)  w e r e  completed and 

app l i cab le  f l o w  c h a r t s  are presented i n  Figures  6 through 10. 

A s  p re sen t ly  configured 

Consideration w a s  given t o  t h e  c a p a b i l i t y  of s imulat ing 

inpu t s  from o the r  type sensors ,  however t h i s  w a s  not incor -  

porated because of t i m e  and funding l i m i t a t i o n s .  

I n  t he  i n t e r e s t s  of obta in ing  as much information about 

one sensor concept and t h e  guidance l a w s  s e l e c t e d ,  it w a s  

decided t o  proceed with t h e  s imulat ions as  described. 

Figure 6 shows t h a t  po r t ion  of t h e  o v e r a l l  proposed 

s imulat ion (Figure 5 )  which w a s  programmed. Figures  7 through 

1 0  support  t h e  information i n  Figure 6 by present ing  i n  d e t a i l  

t h e  l o g i c  necessary t o  accomplish t h e  f i n a l  r e s u l t s .  

The purpose of t h e  r o u t i n e  AZELTJP (Figure 7 )  i s  t o  gen- 

erate accura t e  s o l u t i o n s  f o r  t h e  range, azimuth, and e l e v a t i o n  

t o  each source,  given t h e  range between t h e  docking ha tches ,  

R and r e l a t i v e  veh ic l e  a t t i t u d e .  This  opera t ion  thus  computes 

t h e  t r u e  va lues  f o r  t h e  ranges which are used f o r  eva lua t ion  

purposes and t h e  t r u e  va lues  f o r  azimuth and e l e v a t i o n  angles  

which are f e d  t o  a summing network and t o  which are added 

instantaneous error s i g n a l s  from a random number generator .  

H 
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I n i t i a l  C o n d i t i o n s  . - - - 
RH, 'HC 'H 

. .. - -  7, Y I  Y 

t, A t ,  a 

I + I 

Update So lu t ions  
-R 2 z: = + vst + VHAt  /2 

0 .. 2 - - 
y = y + ? A t  + ? A t  /2 

M = f ( 7 )  
+ = + + A +  

D e t e r m i n e  R a n g e  V e c t o r s  

Fig.  6 MIT C o m p u t e r  Simi..lation Programmed 
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- 
R12= C. 4Y-. 4X, 0 1 

E,,= [2.5Y, -2.5X, 0 1 

Define M Transform 
E!2 = M T-S R12 

-R T-S 
R13 = R13 

T-S = M R 1 4  

Add Random Noise e 
----I= 

Normally d i s t r i b u t e d  
psuedo-random number 
W$th mezn ze ro  and 
std. d e v i a t i o n  = CI 

Fig. 7 AZELUP Subrout ine  
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osOij = cosa.coseLcosa cose t 
1 x j  j 
1 = j  j j sina-case-sina cose +sine.s ine 1 

I 1 

I \  
AR = Range - R1 

- Rold Check= Rnew I I 
1 I 

6 
Fig. 8 k  Theta and Range Determination 
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1 

%ewfKold Range = . . .  

'old Rnew 

I 

Fig.  813 Theta  and Range Determinat ion (Cot i t . !  
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c I I z ! I I  OLDELT = AR 

EXIT 

Fig. 8C Theta and Range Determination{Cunt. 1 
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I ENTER 1 

t -R -R T-S -R RH = R + M R10 - RSD 1 

I I 

Compute : 
-R -R -R R12 = R2 - R1 

-R = R3 - R1 R13 
-.R -R 

Determine 

I 
* -S -S 
M =' I R13 

I I 

-1 

ir 

Compute 

-1 
m31 y2 = s i n  

-1 m21 y3 = s i n  
COSY 2 

-1 m32 y1 = s i n  
COSY 2 

* 
I EXIT 1 

Fig, 9 Matrix and Docking Range Determination 
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Fig.10 R a t e  Ca lcu la t ions  
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This l a t t e r  a c t i v i t y  thus  s imulates  t h e  sensor  accuracy 
c h a r a c t e r i s t i c s .  
t h e  va lue  of t h e  angles  between sources  and t h e  ranges t o  t h e  
sources  and t h e  portLon which develops t h e  Transformation 

H' 
Matrix,  solves t h e  Euler  angles  and computes t h e  range 
between docking hatches and t h e  angle  and range rates a l l  have 
r e s u l t s  dependent upon t h e  errors introduced by t h e  random 
number generator .  

The po r t ion  of t h e  s imulat ion which computes 

Several  runs w e r e  made using t h e  opera t ing  po r t ion  of 
t he  d i r e c t  ( u n f i l t e r e d )  s imulat ion.  These t es t s  v e r i f i e d  t h e  
func t iona l  f e a s i b i l i t y  of t h e  computer programs designed t o  
accept t h e  r a w  sensor  d a t a ,  compute t h e  ranges t o  t h e  t a r g e t s ,  
and develop t h e  r e l a t i v e  p o s i t i o n  and a t t i t u d e  between vehic les .  
The sensor  w a s  i n i t i a l l y  loca ted  on the pass ive  veh ic l e  docking 
ha tch  a x i s  305 f e e t  d i s t a n t  from source number one of t h e  array 
shown i n  Fig .  2 ,  i.e. R1 = 305 feet. 
was 1 0  f e e t  per  second,and a t  4 0  f e e t  d i s t a n t  reduced t o  5 feet  
per  second,at  9 f e e t  t o  1 f o o t  pe r  second, and a t  8.9 f e e t  t o  
0.1 f o o t  per  second, 

The i n i t i a l  c lo s ing  r a t e  

Table 1 presen t s  t h e  r e s u l t s  of a run made under t h e  above 
condi t ions  using t a r g e t  sou rces l ,  3, and 4 .  A s i n g l e  set of 
readings w a s  made a t  each r e l a t i v e  range sampled. The pre- 
s e n t a t i o n  shows t h e  expected r e s u l t  of improved accuracy as t h e  
range decreases .  The l a t e r a l  p o s i t i o n  e r r o r s  a r e  considerably 
less than t h e  t r a c k  e r r o r s  a t  long ranges.  The track e r r o r s ,  
however, improve much 
decreases  and a t  dock 
are of t h e  same o rde r  
angle rate errors a r e  
show vast  improvement 

f a s t e r  than t h e  

(when R1 = 5 f e e t )  a l l  orthogonal e r r o r s  
of magnitude. The v e l o c i t y ,  angle ,  and 

c o n s i s t e n t  wi th  t h e  p o s i t i o n  e r r o r s  and 
as range decreases.  

l a t e r a l  e r r o r s  as range 

It should be remembered t h a t  t he  t a r g e t  a r r a y  dimensions 
were no t  optimized for  t h e  geometry s tud ied  and t h a t  sensor  
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scale change was no t  implemented t o  compensate f o r  t h e  l a r g e  
dynamic range covered during t h e  run. It i s  p r e c i s e l y  these  
parameters t h a t  m u s t  be optimized f o r  a given docking p r o f i l e  
and geometry. 
zable  using Kalman f i l t e r i n g  which i n  a d d i t i o n  t o  sensor / ta r -  

g e t  parameter op t imiza t ion  makes t h e  angle  only sensor  system 
appear feasible f o r  SSV docking, 

Sec t ion  2.3 d e s c r i b e s  the improvement reali- 

2.2 Guidance Law f o r  Spacecraf t  Docking 

2.2.1 General 

There are t w o  s epa ra t e  guidance phases involved w i t h  

t h e  docking opera t ion ,  T h e  f i r s t  phase i s  t h e  guiding of t h e  
sensor  vehicle from a l o c a t i o n  near the  edge of t h e  opera t ing  
cone a t  some l a r g e  range t o  an a i m  po in t  s eve ra l  hundred feet  
in f r o n t  o f  the s u b j e c t  v e h i c l e  docking hatch on t h e  docking 
axis, During t h i s  per iod ,  simultaneous con t ro l  of both posi-  

t i o n  and a t t i t u d e  of t h e  sensor  veh ic l e  i s  desirable t o  i n -  
su re  t h a t  p ro t rus ions  such a s  wings, a r m s ,  etc. from each ve- 
h i c l e  do not  i n t e r f e r e  o r  c o l l i d e ,  and t o  i n s u r e  a r r i v a l  a t  t h e  
a i m  p o i n t  w i t h  t h e  proper a t t i t u d e .  Figure 11 shows t h e  desired 

docking p r o f i l e  f o r  t h i s  phase. 

The requirement f o r  simultaneous c o n t r o l  i n  t r a n s l a t i o n  
and a t t i t u d e  and t h e  establ ishment  of an acceptable  t i m e  both 
for a r r i v a l  a t  an a i m  p o i n t  and f o r  t h e  complete docking oper- 
a t i o n ,  make t h i s  guidance l a w  somewhat unique and d i f f e r e n t  
from c u r r e n t l y  employed guidance l a w s .  
a spec t  of t h e  l a w  i s  t h e  c o n t r o l l i n g  of t h e  veh ic l e  a t t i t u d e  
and a t t i t u d e  change i n  order  t o  optimize convergence t i m e  w i t h  
minimal expendi ture  of f u e l ,  
i n i t i a l  r o t a t i o n a l  impulse about a l l  three veh ic l e  axes such 

A very s i g n i f i c a n t  

It i s  desirable t o  set  up an 
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t h a t  upon a r r i v a l  a t  an aim po in t  a second set of impulses w i l l  

reduce the r o t a t i o n a l  ra tes  t o  z e r o  w i t h  the  veh ic l e  a t t i t u d e  

a l igned  for completion of the  docking opera t ion ,  

parameter i n  docking guidance i s  the  sensor  veh ic l e  angular  

momentum which, i n  t h e  absence of e x t e r n a l  forces, remains 

cons tan t  as  t h e  v e h i c l e  r o t a t e s ,  The f i n a l  equat ions  for t h e  

guidance provide f o r  t h e  c o n t r o l  of angular  momentum r a t h e r  

than  angle  v e l o c i t y ,  

An important 

The  second phase,  opera t ing  from t h e  a i m  po in t  t o  hard 

dock, a l s o  r e q u i r e s  veh ic l e  c o n t r o l  i n  both p o s i t i o n  and a t t i -  

tude.  However, t he  excursions i n  a t t i t u d e  and i n  p o s i t i o n  a r e  

expected t o  be s m a l l ,  r e q u i r i n g  less c o r r e c t i o n  energy than  

those of t h e  pre-aim po in t  phase. 

ca l l  f o r  the  decreas ing  of approach v e l o c i t y  and c o r r e c t i o n s  

f o r  s m a l l  o f f T a x i s  v e l o c i t y  b u i l d  up a s  t h e  sensor veh ic l e  

c l o s e s  with t h e  sub jec t .  

The range r a t e  p r o f i l e  w i l l  

The guidance l a w  should impose one a d d i t i o n a l  r e s t r i c t i o n :  

t h e  source a r r a y  an the  sub jec t  veh ic l e  must be maintained 

wi th in  t h e  field-of-view of t h e  sensor  a t  a l l  t i m e s  dur ing 

t h e  e n t i r e  convergence opera t ion  f o r  s a f e t y  reasons,  Computer 

runs  have i n d i c a t e d  t h a t  t h e  sensor x-axis and the  l ine-of -s ight  

t o  t h e  t a r g e t  a r r a y  become misaligned dur ing  t h e  simultaneous 

t r a n s l a t i o n  and  r o t a t i o n  maneuver . 
This  s tudy a l s o  considered a s i m p l i f i c a t i o n  of t h e  guid- 

ance l a w .  The most l i k e l y  scheme w a s  t o  i n i t i a l l y  r o l l  t h e  

SSV such t h a t  i t s  +z-axis would i n t e r s e c t  t h e  Space S t a t i o n  

docking ha tch  a x i s  l i n e  and  then  continue wi th  r o t a t i o n  about 

t h e  p i t c h  a x i s  only u n t i l  an  " A i m "  po in t  had been reached where 

another  r o l l  maneuver would place t h e  SSV i n t o  proper o r i en ta -  

t i o n  a t  t h i s  "Aim" po in t ,  The advantage t h a t  t h i s  technique 
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has  i s  t h a t  angular  v e l o c i t i e s  can be c o n t r o l l e d  d i r e c t l y  

r a t h e r  than  t h e  need t o  c o n t r o l  o v e r a l l  angular  momentum, 

The p r i n c i p a l  disadvantages are t h a t  a d d i t i o n a l a v  i s  con- 

sumed t o  perform t h e  t w o  s epa ra t e  r o l l  maneuvers, r o t a t i o n  

about t h e  a x i s  of in te rmedia te  i n e r t i a  ( t h e  y or p i t c h  a x i s )  

i s  uns tab le ,  and t h e  fact  t h a t  a l l  e r r o r s  are no t  simultan- 

eous ly  reduced, 

alignment condi t ion  j u s t  as docking occurred; however, s i n c e  

the  e r r o r s  should be s m a l l  a t  t h a t  po in t ,  t h i s  may no t  be 

t o o  se r ious ,  

This  l a t t e r  s i t u a t i o n  could create a m i s -  

2.2.2 Guidance Equations 

2.2.2-1 Guidance Law Employing Simultaneous Trans la t ion  and 
Rotat ion 

The t r a n s l a t i o n a l  po r t ion  of t h e  motion i s  reasonably 

easy t o  implement s ince  t h e  r e l a t i v e  v e l o c i t y  and the l i n e a r  

momenti,m should be along t h e  displacement vec tor .  The ro t a -  

t i o n a l  p a r t  of the  motion i s  more d i f f i c u l t  t o  analyze.  An 

untorqued body r o t a t e s  with cons tan t  angular  momentum which 

(un le s s  t h e  t h r e e  moments of i n e r t i a  a r e  equal)  does not  i n  

genera l  l i e  along the angular  v e l o c i t y ,  The p a r a l l e l i s m  of 

v e l o c i t y  and momentum a p p l i e s  t o  t r a n s l a t i o n a l  motion but  

no t  r o t a t i o n a l  , 

The s h u t t l e ' s  t h r e e  p r i n c i p a l  moments of i n e r t i a  a r e  

unequal and i t s  untorqued motion can be e x a c t l y  descr ibed 

by e l l i p t i c  func t ions ,  However t h e  equat ions a r e  somewhat 

involved and perhaps it i s  not  necessary t o  use exac t  equa- 

t i o n s  s ince  t h e r e  are e r r o r s  a s soc ia t ed  with t h e  s i g h t i n g s  

taken during t h e  motion and c o r r e c t i v e  t h r u s t i n g  may occa- 

s i o n a l l y  be requi red .  Two of t h e  s h u t t l e ' s  moments J and 
Y 
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J are n e a r l y  equa l  and each i s  about t e n  t i m e s  J , I f  J 

e x a c t l y  equaled J then  t h e  r o t a t i o n a l  motion would be des- 

cribed by  

z X Z 

Y ,  

5 = H / J ~  ( cons t an t )  (1) 

O2 = cons tan t  

J 
'3 - - '1 (< J - 1) cose2 , ( cons t an t )  ( 3 )  

where H i s  t h e  angular  momentum magnitude and (3 1 r  e 2 #  and e 3  
are a set of ang le s  r e l a t i n g  t h e  s h u t t l e  axes  and a set  of 

i n e r t i a l  axes.  It i s  proposed t o  use t h i s  d e s c r i p t i o n  of 

t h e  r o t a t i o n  as a r e fe rence  and then ,  i f  increased  accuracy 

i s  desired, t o  p e r t u r b  t h e s e  equat ions  us ing  t h e  q u a n t i t y  
Jz - J 

Y as  a parameter. 
Jx 

ROTATION OF A SYMMETRIC BODY (Jv = Jz) 

The preceding equat ions  are derived a s  follows. L e t  H 

denote t h e  angular  momentum of t h e  s h u t t l e  about i t s  cen te r  of 

mass, Then = JG where J i s  t h e  s h u t t l e ' s  moment-of-inertia 

t enso r  and w' i s  t h e  s h u t t l e ' s  i n e r t i a l  angular  v e l o c i t y .  The 

dynamical l a w  of r o t a t i o n  states t h a t  t h e  i n e r t i a l  d e r i v a t i v e  

of e i s  t h e  sum of t h e  torques  T a c t i n g  on t h e  body, H = ?; or 
. - 

H e r e  t h e  f irst  t e r m  i s  the  d e r i v a t i v e  of fi with r e s p e c t  t o  

s h u t t l e  axes and t h e  second t e r m  i s  t h e  C o r i o l i s  co r rec t ion .  

Var i a t ions  of J with r e s p e c t  t o  t h e  s h u t t l e  are ignored. The 

components of t h i s  equat ion  a long  p r i n c i p a l  axes  are t h e  Euler  

equat ions  
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= T  J h  x x  + ( J z - J ) w w  Y Y Z  X 

= T  + (Jx - J z ) w z w x  
Y 

J h 
Y Y  

Z 
J k + (Jy - J X ) w  w = T 
z z  X Y  

If Torques are absen t  and i f  J equa l s  J 
Z Y f  

J k  = O  x x  

J L - (Jy - J ) w X w z  = 0 Y Y  X 

J .  - J ) w w  = O  
ywz + (Jy x X Y  

and 
0 w X  

Then w remains cons t an t  a t  i t s  i n i t i a l  va lue  
X 

6 - cwz = o  
Y 

6 + c w  = o  
Z Y 

where 

X 
J 

J x  
c = (1 - -)w 

Y 

w = w  
0 

X X 

The s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  i s  

s i n c t  
0 

w Z  
= cosct + 

wY YO 

w = - w  s i n c t  + w cosct 
0 Z YO z 

(433) 

When t h e  torque  i s  zero,  t h e  s h u t t l e ' s  angular  momentum is  

cons tan t .  Define a n  i n e r t i a l  axis system x y z wi th  x 

along t h e  cons t an t  E and y 
I I 1 1  

and z 
I I 

perpendicular  t o  if ( t h e  
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l a t te r  t w o  axes  need not  be more e x p l i c i t l y  def ined  h e r e ) .  

, and 0 be t h e  set of Euler  ang le s  r e l a t i n g  t h e  L e t  8 

s h u t t l e  axes xyz t o  xIyIzI where 8 1 
i s  t h e  ang le  between t h i s  v e c t o r  and the s h u t t l e ' s  x-axis,  

and e3 i s  measured about  t h e  l a t t e r  axis. 

1' e2 3 

@ 2  i s  measured about 6, 

With 

I 8 about x 1 

0 about i n t e rmed ia t e  y 
2 

8 about  ( s h u t t l e ' s )  x 
3 

The matrix P of d i r e c t i o n  c o s i n e s  f r o m  x y z t o  xyz i s  

obta ined  as  t h e  product  
I 1 1  

P 

0 

3 

3 

cos 8 

-s ine 

0 1  

!O s i n e  2 

0 

1 cos8 

1 -sine 

2 
s i n e  s i n e  

1 

3 

3 s i n e  cose 
2 

where t h e  remaining fou r  e n t r i e s  need no t  be c a l c u l a t e d .  The 
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i n e r t i a l  angular  v e l o c i t y  w of t h e  s h u t t l e  i s  t h e  v e c t o r i a l  

sum of t h e  Euler  angle  r a t e s  about t h e i r  r e spec t ive  axes.  Thus 

where t h e  components of the 0 and e2 axes  are given by t h e  1 
€irst and second solumns of t h e  f irst  matr ix  i n  (5)  . The 

Components of a r e  . 
3 w = 0 cos0 + 0 

X 1 2 

(7) 3 w = 0 s i n 0  s i n 0  + 0 cos0 Y 1 2 3 2 

(8) 3 
w = 0 s i n 0  cos0 - 0 s i n 0  

Z 1 2 3 2 

The angular  momentum E i s  

or  
- 
H = H ( Z c o s B 2  + ?s ine  2 s i n e  3 + Esine 2 cos0 3 ) . 

Thus 

2 
H = J w  = Hcose 
X x x  

3 = Hsine s i n 0  2 H = J w  
Y Y Y  

3 = H s i n 0  cos0 - 
HZ - Jzwz 2 

Since w 

next shown t h a t  0 

product of w' and E. 
energy of ro ta t ion , .  ) 

is  cons tan t ,  it fol lows t h a t  e2 is cons tan t .  It i s  
X . 

and e 3  are cons tan t .  L e t  K denote t h e  do t  
1 

( T h i s  q u a n t i t y  i s  t w i c e  t h e  k i n e t i c  
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2 2 K = w H = J w2 + J w + J z w z  
- - 

X X  Y Y  

I n  terms o€ r o w  and column v e c t o r s ,  

-T K = W  JG 

D i f f e r e n t i a t i n g ,  

or 

Since J i s  symmetric 

* 

* 

* 

* 

Adding a q u a n t i t y  which i s  i d e n t i c a l l y  z e r o  g ives  

But t h e  term i n  t h e  pa ren the res  i s  t h e  torque  which i s  assumed 

t o  be zero, Thus 

and K i s  cons t an t .  S u b s t i t u t i o n  of (9) i n t o  (10)  g i v e s  i( i n  

terms of Euler  a n g l e s ,  

2 H  2 2  2 H 2 2  2 K = J w + - - s i n  8 s i n  8 + ---sin 6 cos 6 
x x  J 2 3 J  2 3 z Y 

and s i n c e  J e q u a l s  J 
Z Y l  

2 €1 2 2  
K = J w  x x  J 

Y 

T h i s  r e s u l t  i s  used i n  a l a t e r  equat ion.  Mult iplying ( 7 )  by 

*"T" i s  used here t o  denote  the t r anspose  of a matr ix  as d i f f e r e n t i a t e d  
from torque  i n  equat ion  (4) preceding,  and otherwise explained.  
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w s in0  3 -I- w z cos0 3 = 0 1 s i n e  2 Y 

Mult iplying both  sides of t h i s  equat ion  by Hsin0 2 '  
CI 
L 

w HsinO 2 s i n 0  3 -I- w z Hsine 2 cos0 3 = BIHsin 0 2 Y 

and s u b s t i t u t i n g  from (9 ) ,  

2 2 -  
J u2 + J w = 0 1 Hsin 8' 2 Y Y  z z  

or ,  from ( l o ) ,  
2 .  2 

= 8 Hsin e 2  K - Jxux 1 

and from (11) , 

0 H 2 2  2 
2 - - s i n  0 = 8 Hsin 0 

5 2 1 
Y 

so t h a t  

0 H 0 = -  
1 J  

Y 

which i s  cons tan t .  It follows (6)  t h a t  

e = OJ - e cose2 
3 X 1 

0 

and e 3  i s  cons tan t .  

From t h e  f i r s t  o f  (9) ,  

Another formula fo r  0 3 i s  der ived  below, 

I. H H = ---cos0 - --cos0 
X Y 

2 2 J  '3 J 

or 
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and 

. . J  

1 J  
= (-Y - i ) c o s e 2  

X 
03  

. . 
The r e s u l t  t h a t  t h e  angle  8 and the  angular  r a t e s  0 and Q 2  

are cons tan t  for a body with t w o  equal  moments of i n e r t i a  

( J  and J ) i n  t h e  zbsence of torques  g ives  r ise  t o  t h e  des- 

c r i p t i o n  t h a t  t h e  x-axis r o t a t e s  a t  cons tan t  angular  r a t e  

(0 , )  about and remains a t  a f ixed  angle  (e,) from i? ( thereby  

t r a c i n g  ou t  a cone) while  t h e  body is  r o t a t i n g  a t  a f ixed  

rate ( e  ) about i t s  x-axis. 

2 1 

Y 2 

. 
. 

. 
3 

DETERMINATION O F  THE ANGULAR MOMENTUM 

The preceding sect ion shows how t h e  cont inuing r o t a t i o n  

of an untorqued symmetric body may be obtained when i t s  i n i t i a l  

o r i e n t a t i o n  and angular  momentum are given, For t h e  present  

problem, t h e  i n i t i a l  and f i n a l  o r i e n t a t i o n s  a r e  given and it  

i s  necessary t o  f i n d  t h e  angular  momentum vec to r  requi red  f o r  

achieving t h e  f i n a l  o r i e n t a t i o n .  

If t h e  i n i t i a l  va lues  of and e 3  a r e  def ined t o  be zero ,  * * 
t h e  f i n a l  va lues  0 

and ( 1 3 ) ,  as  

and e 3  a r e  obtained,  by i n t e g r a t i n g  ( 1 2 )  1 

* * - H t  
J 

- -  
Y 

* 
where t i s  t h e  t i m e  of f l i g h t ,  L e t  a denote 

(14) 

t h e  angle  between 

t h e  i n i t i a l  and f i n a l  x-axes and Q, be measured about t h e  f i n a l  

x-axis. These ang le s  c o n s t i t u t e  a sequence of t w o  r o t a t i o n s  

4 1  



t ak ing  t h e  s h u t t l e  from i t s  i n i t i a l  t o  i t s  f i n a l  o r i e n t a t i o n .  

L e t  B be t h e  angle  between t h e  angular  momentum vec tor  and 

t h e  plane conta in ing  t h e  i n i t i a l  and f i n a l  x-axes. 

cons ide ra t ions  show t h a t  

Geometrical  

* 
03  - 4? 

2 
e., sin-os 2 = -s in  

* 
e 3  - @ a s i n - - s i n  = cos  2 s i n z  

2 

The preceding  four  equat ions  along w i t h  (14) provide a solu- 

t i o n  fQr angles  0 
* * *  , and B and t h e n  H is  given by 1' 0 2 '  0 3  

* 
J 0  

t 
-a * H -  

It should be noted t h a t  (15), (16), and (17)  c o n s t i t u t e  a 

dependent set of equat ions  because the  sum of t h e  squares of 

t h e i r  left-hand sides i s  one. These equat ions a r e  der ived 

below. 

x-axis of the s h u t t l e ,  L e t  

L e t  1 denote t h e  i n i t i a l  x-axis and denote t h e  f i n a l  

The angles  a ,  6, and e2 are i l l u s t r a t e d  i n  f i g u r e  IZ. 

vector  

The 

i s  obtained by r o t a t i n g  1 about t h e  u n i t  angular  
.I. 

momentum ; through the angle  0;. The equat ion  of t h i s  r o t a -  
I 

t i o n  is 
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Figure 12. Angular Momentum Geometry. 
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Dott ing t h i s  equat ion with 2 g ives  I 

or 

Dotting t h e  d i f f e rence  i' - i w i t h  t h e  sum I* + i gives  

F ina l ly  

Because these  three dot  products a r e  zero,  
- 

i s  perpendicular  t o  F' - i 
i + is i s  perpendicular t o  1" - i -* - - 

- s i s  perpendicular  t o  i' - i I 
- 

and F l i e s  i n  the  plane of and i' + i. But + I l i e s  

along t h e  angle  b i s e c t o r  of and 1. Therefore:  
I 

There are def ined two sequences of r o t a t i o n s  t ak ing  t h e  s h u t t l e  

f r o m  i t s  i n i t i a l  t o  i t s  f i n a l  o r i e n t a t i o n .  The f i rs t  one i s  

angle  a about El followed by angle  4 about i' where these 

ang les  are s p e c i f i e d  by t h e  t w o  o r i en ta t ions .  The second se- 

quence i s  angle  8 about followed by e 3  about X I ,  The 

l a t t e r  two ang le s  along with B ,  t h e  e l e v a t i o n  angle  of 1' 
I 

re spec t  t o  the  plane of and i 8 ,  are t o  be determined. 

* * 
1 I 

w i t h  
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The r o t a t i o n  between t h e  t w o  o r i e n t a t i o n s  i s  given by t h e  

qua tern ion  product p p where 
cpa 

a = cos& + ~ l s i n  2 pcp 2 

c1 a = cos- + Elsin- pa 2 2 

The r o t a t i w  i s  a l s o  given by the  product p p where 3 1  
* 

* e 3  
2 

5 cos- e; + I f s i n -  
p3 2 

e; 
I 2 

= cos- + S sin- 
2 

Thus 

-1 
P1 = P3 P@P, 

T h i s  expands i n t o  

cp 43, 
2 (cos- + I f  s i n 2 )  pa p1 

or 

* * 
a a 0 3 -  - e 3  - cp 

) (cos- + Elsiny)  2 2 - i ' s i n  2 p1 = (cos 

so t h a t  
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* * 
- % - @  a e 3 - @  a + E * c o s - - - - - s i n -  2 2 2 + j ' s i n  

Equating s c a l a r  and vec to r  p a r t s  of t h i s  equat ion and using 

( 2 0 )  g ives  

* * 
e 3 - @  a 

2 c  2 os- % cos- = cos 2 

* * 
e 3 - @  a 

2 =  2 os- % a sin---cos-cos6 = -s in  2 2  

* 
0 3 - @  a 

2 s  2 in- 
0; a 

sin---sin-os@ = -s in  2 2  

* * 
e 3 - @  a sin-sin6 = cos-in- 

2 2 2 

The middle two of these  equat ions are equiva len t  t o  

* 
8 - @  3 

e* 
1 
2 2 sin--cos(3 = - s in  

and (15) through (17)  a r e  v e r i f i e d ,  S ince  8 i s  t h e  angle  2 - 
I' between i' and 2 cos6 i s  t h e  do t  product of I'  and I' 2 

and (18) i s  produced by d o t t i n g  (20) with i'. 

NUMERICAL SOLUTION OF THE EQUATIONS 

It i s  impossible t o  solve (14) through (18) a n a l y t i c a l l y ,  

so a numerical  technique w a s  devised, Divis ion of (16) by (17)  

and (17)  by (15) g ives  
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* 
e 3  - 4) a 

t a n  2 = - s in-co t@ 2 

a e* 
tan- 1 = tan-cscP 

2 2 

and s u b s t i t u t i o n  of (18) i n t o  (14) y i e l d s  

i n  t h e  range 
4. 

For a given a and 4,  B i s  allowed t o  vary 
* 

0 < p < 180° u n t i l  t h e  s o l u t i o n  f o r  8 

( 2 1 )  s a t i s f i e s  (23 ) .  

and e; from (22)  and 1 

* 
This range f o r  B i s  chosen so t h a t  a 5 8 5 180°, t h a t  

i s ,  t h e  s h u t t l e ' s  x-axis moves from i t s  i n i t i a l  t o  it f i n a l  

o r i e n t a t i o n  i n  t h e  smaller  of the  two angles  about t h e  cone. 

This i s  proved as  follows. The inverse  of (19) i s  

1 

r (which describes a r o t a t i o n  of 1" about -1 

0 )o r  

through the  angle  * I 
1 

Dotting t h i s  equat ion with K t  g ives  
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Evaluating t h e  dot  products from ( 2 0 )  y i e l d s  

o r  

* 
a an- 1 

1 ,  

1 

s i n 0  

* L  2 s i n 6  = 
1 - cos0 

so t h a t  

0* 
l a  
2 2  

s i n 6  = c o t - k a n -  > 0 

A computer program was w r i t t e n  t o  check t h e  ex i s t ence  of 

s o l u t i o n s  of t h e  equat ion.  T h i s  program was run for a equal  

t o  30° and 4 t ak ing  on va lues  a t  10 0 s t e p s  i n  t h e  range 

-170° 1 Cp i 170° 

For each case there i s  a t  least  one, u sua l ly  two, and occa- 

s i o n a l l y  three s o l u t i o n s  f o r  t h e  angular  momentum. It i s  

assumed t h a t  s i m i l a r  r e s u l t s  occur f o r  a s h u t t l e  w i t h  un- 

equal  moments of i n e r t i a ,  bu t  t h i s  should be checked, 

T h e  d i sp l ay  of l i g h t s  on t h e  space s t a t i o n  should remain 

wi th in  t h e  f i e l d  of view of t h e  sensor on t h e  s h u t t l e  during 

t h e  l a t t e r ' s  r o t a t i o n  and t r a n s l a t i o n ,  T h e  program was ex- 

panded t o  test  t h i s  a spec t  of t h e  motion. An i n i t i a l  range 

of 1000 feet and f i n a l  ranges of 300 feet ,  500 fee t ,  and 866 

feet  w e r e  chosen f o r  the a i m  point .  
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F i n a l  x-axis 

Hatch 

Figure 13. Conversion Geometry t o  A i m  Point. 

These runs  i n d i c a t e  t h a t  t h e  magnitude of maximum misalignment 

during coas t  i s  dependent upon t h e  l o c a t i o n  of t h e  aim poin t  

r e l a t i v e  t o  t h e  i n i t i a l  r e l a t i v e  p o s i t i o n  of t h e  s h u t t l e .  For 

example, i f  t h e  s h u t t l e  is  l oca t ed  a t  t h e  edge of t h e  +30° cone 

surrounding t h e  docking hatch a x i s  of t h e  pass ive  veh ic l e  and 

i s  1000 f e e t  d i s t a n t ,  t h e  dev ia t ion  between t h e  LOS and t h e  

sensor a x i s  w i l l  become a s  high a s  9 degrees  during t h e  simul- 

taneous t r a n s l a t i o n  and r o t a t i o n a l  maneuver when t h e  aim poin t  

49 



i s  located 300 feet  i n  f r o n t  of t h e  pass ive  v e h i c l e  docking 

ha tch .  When t h e  a i m  p o i n t  i s  roughly at the s a m e  range a s  t h e  

s h u t t l e  f r o m  t h e  pass ive  docking hatch t h e  maximum d e v i a t i o n  

can be h e l d  t o  less than  3 degrees.  

APPROXIMATE ROTATION OF AN ALMOST SYMMETRIC BODY (J Jz) 

A method of determining t h e  r o t a t i o n  of a body with t w o  

nea r ly  equa l  moments of i n e r t i a  i s  presented i n  t h i s  s e c t i o n ,  

It c o n s i s t s  of a f i rs t -order  p e r t u r b a t i o n  of t h e  angular  v e l -  

o c i t y  equat ions  f o r  a symmetric body followed by  t h e  change i n  

r o t a t i o n  caused by a per turbed  angular  v e l a c i t y  a s  descr ibed  

i n  t h e  preceding sec t ion .  

The per turbed equat ions  corresponding t o  (4) preceding 

a r e  ( i n  t h e  absence of torques)  

J (6 + A 6  ) + A J ( w  + Aw ) ( w z  + A w z )  = 0 
x x  X Y Y 

J ( h  + Ah ) + (J  - J - A J ) ( w Z  + L ! W ~ ) ( W ~  + /lux) = 0 
Y Y  Y X Y 

(Jy + AJ) ( h  + A6 ) + (J 
Z Z Y 

Sub t rac t ing  

first-order 

w h e r e  AJ = 

(4a) f r o m  t h e s e  

t e r m s  g i v e s  

J Aw, - +  
X 

- Jx) (wx + nux) (ay + ) = 0 
Y 

J - J  
Z Y 

equat ions  and r e t a i n i n g  only  t h e  

AJw w = 
Y Z  

- J ( w Z A w x  wxAwz) - AJwxwz = o  
X 

J ~h - (Jy 
Y Y  

A J ; Z  + J AGz + (Jy - Jx) ( W  AW + wxAw ) = O 
Y Y X  Y 

or 

AGx = -E w w 
X Y Z  
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and b is  replaced by -Cw a s  o b t a i n e d  from ( 4 b ) .  The f i rs t  of 

t h e  d i f f e r e n t i a l  e q u a t i o n s  becomes, f r o m  (4d)  
z Y 

2 2 
wz - w 

s i n 2 C t )  0 
2 Ah = - - E ~ ( u  w c 0 ~ 2 C t  + 

yo zo X 

which i n t e g r a t e s  i n t o  

A w  = E c o s 2 C t  + E s i n 2 C t  - El + A w  (0)  
X 1 2 X 

where 

2 2 
wYowzo w - w  

E - - -  
- 4 c  x * E2 2c x 

E 
0 yo Z 

- 

By appropriate u s e  of t h e  i m a g i n a r y  u n i t ,  t h e  second and  

t h i r d  d i f f e r e n t i a l  e q u a t i o n s  become 

w =  + i w  , A U  = A U  + i A w z  
Y Z Y 

a d d i t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n s  p r o d u c e s  
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or  

where from (24) and (4c) 

c = r W  
X 

g ives  ic t  Multiplying (26) by e 

which i n t e g r a t e s  i n t o  

where 

+ E w ( w  + i l ? w d  
Y X  z 

f ( T )  = e 

Thus 

where 

L --c 

t 
F ( t )  = f(T1d.c 

0 

L e t t i n g  F (t) and F (t) denote r e s p e c t i v e l y  t h e  r e a l  and i m -  

ag inary  p a r t s  of F, it fol lows from (28) t h a t  
Y Z 

and 
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a w  = ( t i  + A U  (0) coset + (t) + ~ w  (0) s i n c t  

(t) + Au,  ( t) + A w  (0)  c o s C t  
1 (29 )  

Y Y Y I z 

Y z 1 z 

= o  p3 

The formulas  (25) and (29) may be s u b s t i t u t e d  i n t o  (46) . 

t o  o b t a i n  t h e  per turbed  r o t a t i o n  Ap. From (47) (see s e c t i o n  

2.2.2.2 fo l lowing  from equat ions  (46) and ( 4 7 ) ) :  

3 case 

-B -I - 
PAW p = MAu (30) 

where, for  t h e  p r e s e n t  problem M i s  t o  be rep laced  by P T where 

P i s  given by (4e)  and- (5 )  and can be expressed by:  

P T = ( P P P )  T = P  P 
T T T  P 

3 2 1  1 2 3  

where 

0 

1 -s ine  

Combining (30) and (31) g i v e s  

B -1 T T T B  
PAE p = P P P AE 1 2 3  
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T -B The t e r m  P A w  i s  t o  be examined c lose ly .  It i s  shown 
3 

below t h a t  6 equa l s  C. From (12a) ; 
3 

J - J  

J 2 
= H-cose 

Y X 
' 3  J 

o r  

. J - J  
x H  

X 
?OS8 2 .  

- - 
J 

Y 
@ 3  

From t h e  f irst  of ( 9 ) ,  

H 

X 
2 w = --COS' 

X J  

Thus 

J - J  
X w - - 

J X 
Y 

83 

o r ,  from ( 2 4 )  and (271, 

e 3  = rw = c 
X 

= C t  + e 3 ( 0 )  ' 3  

It was 

value e 3 ( O )  

s ince  the Y 

* 
previously assumed i n  determining 6 t h a t  t h e  i n i t i a l  

3 
equa l l ed  zero ,  T h i s  i s  v a l i d  f o r  a symmetric body 

and Z p r i n c i p a l  axes  can be considered t o  l i e  any- 

where i n  t h e  YZ-plane. This assumption i s  not c o r r e c t  f o r  a 

nonsymmetric body. The c a l c u l a t i o n  of 8 described e a r l i e r  

cont inues t o  be v a l i d  i f  8 i s  def ined t o  be t h e  f i n a l  value 

* 
3 * 

3 
of e 3  minus the  i n i t i a l  value 8 (0) , 

3 

It i s  seen from (29) t h a t  t h e  m u l t i p l i c a t i o n  of F ( t )  + Aw(0) 
by i n  (28)  i s  equiva len t  t o  a r o t a t i o n  of the  Y and Z axes  

5 4  



through t h e  angle  C t  about t h e  x-axis.  Since P desc r ibes  

t h e  r o t a t i o n  of 0, (equal  t o  C t  + 0 , ( 0 ) )  about t h e  negat ive 
3 

3 

x-axis,  it fol lows t h a t :  
3 

- 

z 

T -B" T P3 Aw = P3 (0) 

By combining 3' where P (0) i s  t h e  i n i t i a l  cond i t ion  of P 
3 4. 

(32 ) ,  ( 3 3 ) ,  and (46) , t h e  per turbed r o t a t i o n  i s  obtained 

as 

I n E::: + A w  
Y 

-I- Awz 

(33) 

The in tegrand  c o n s i s t s  of cons t an t s  and products  of t r i gon-  

ometric func t ions  of C t ,  2 C t ,  and e1t. The i n t e g r a t i o n  can 

t h e r e f o r e  be done a n a l y t i c a l l y  although it is  r a t h e r  involved. 

- 

2.2-2.2 S t a b i l i t y  Analysis  f o r  Spec ia l  C a s e  and for Simplif ied 
Guidance Law 

This  s e c t i o n  d i scusses  the s t a b i l i t y  problem using 

t h e  s impl i f i ed  guidance l a w  where t h e  s h u t t l e  i s  first r o t a t e d  

i n  r o l l  u n t i l  i t s  z-axis i n t e r s e c t s  an ex tens ion  of t h e  t a r g e t  

veh ic l e  docking ha tch  a x i s  and then simultaneous t r a n s l a t i o n  

and r o t a t i o n  about t h e  in te rmedia te  Y or p i t c h  a x i s  i s  i n i t i -  

a t ed .  The v e h i c l e  a r r i v e s  a t  an  a i m  po in t  wi th  proper p i t c h  

o r i e n t a t i o n  and then  i s  r o t a t e d  about i t s  x or r o l l  a x i s  t o  

complete t h e  maneuver (This  d i scuss ion  a l so  p e r t a i n s  t o  t h e  

* 
Equation (46) appears  i n  s e c t i o n  2.2.2.2 fol lowing 
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s p e c i a l  case when r o t a t i o n  about t h e  y-axis on ly  i s  demanded 

when employing t h e  more s o p h i s t i c a t e d  d e s i r e d  guidance l a w . ) .  

Rotat ion about t h e  a x i s  of minimum i n e r t i a  or of maximum 

i n e r t i a  i s  s t a b l e ,  bu t  r o t a t i o n  about t h e  a x i s  of an i n t e r -  

mediate i n e r t i a  i n  unstable .  These conclusions f o l l o w  f r o m  

E u l e r ' s  equat ions  (4) repeated here  ( for  ze ro  torque) 

J ib + (Jx - Jz) wzwx = o  
Y Y  

(34) 

I f  t h e  i n i t i a l  condt ions a r e  

w (0) = wz(0) = 0 
X 

w (0)  nonzero 
Y 

then  w and w remain zero and w r e t a i n s  i t s  i n i t i a l  condi t ion.  

L e t  t h e  re ference  mot ion  be a cons tan t  angular  v e l o c i t y  about 

Z I  
t h e  y-axis.  

t h e  r e s u l t i n g  angular  v e l o c i t y  components are 

X Z Y 

I f  t h i s  i s  per turbed by s m a l l  i n i t i a l  w and w 
X 

Au, t w A U  t Aw, Y Y 

These pe r tu rba t ions  are t o  be determined by a f irst  order  

ana lys i s .  The second equat ion of (34) becomes 

J ( k  + ~ ; d  + Ox - J z ) ~ ~ z ~ w y  = 0 
Y Y  

or, t o  f irst  o rde r ,  

J A a  = O  Y Y  

f r o m  which Aw is  constant .  The  f i r s t  and t h i r d  equat ions of 
( 3 4 )  a r e :  

Y 
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J ~ A ~ ~  -i- (Jy - J )(w, I- A w x ) A w x  '" 0 

or, to first order, 

Jx - J 
A; = .'u Aw 

Z Jz Y X  

(35)  

Differentiation and elimination of the first derivatives gives:. 

( 3 6 )  

In order that the above equations can be used without change 
of parameters such that the three conditions of 1 can be studied 
assume that 

Y 

(Condition 1) J Jz < Jx o r  J < Jx < Jz 
Y Y 

so that the reference rotation occurs about the axis o f  least 
inertia. Rewriting (36) in terms of positive coefficients, 

J Z - J  J - J  
,Y x , y  *Aw nijx - - - 

3;( Jz WY x 

- J  J - J  
Y X  2 A w  Jz 

hijz = - JX J z '  wY 

and the angular velocity perturbations are sinusoidal and 
bounded. Next assme that 

Y 
(Condition 2 )  

so that the rotation occurs about the axis of greatest inertia. 
Then 

Jz < Jx < J or Jx < Jz < J  Y 
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then 

J - Jz Jy - Jx 
y Lux 

A i i x  = - , y  
JX Jz 

- Jx w 2 A w z  
J - Jz Jy 

= - Y  
Y 

Aiiz 
JX J Z  

and here a l so  t h e  pe r tu rba t ions  a r e  s inusoida l .  Now assume 
t h a t  

(Condition 3a )  < J  < J x  
JZ Y 

so t h a t  t h e  r o t a t i o n  occurs about t,ie a x i s  of ,ntermediate 
i n e r t i a .  Then t h e  c o e f f i c i e n t s  i n  ( 3 6 )  are p o s i t i v e  and 
t h e  angular v e l o c i t y  pe r tu rba t ions  are exponent ia l  and un- 
bounded, S imi l a r ly  f o r  t h e  ease of t h e  SSV s tud ied  

Jx < J < Jz 
Y (Condition 3b) 

then 

AGx = K K w 2 AwX 
X Z Y  

2 
X Z Y  

AGz = K K w Awz 

where 

Jz - J 
- y > o  

JX 
Kx - - 

- JY 
J Z  

KZ - 
- 

( 3 7  1 

The s p e c i f i c  ques t ion  t h a t  occurred concerned t h e  p o s s i b i l i t y  
of the  s h u t t l e  p i t ch ing  about i t s  y-axis ( the a x i s  of i n t e r -  
mediate i n e r t i a )  and it i s  t h i s  case which i s  analyzed below. 

L e t  

then ( 3 7 )  and (35) become 
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2 

2 

AGx = K Awx 

AGz = K Awz 
(49) 

and 

A; = -K w 
2 Z Y  x 

The solution of (40) is 

Awx = Awx(0)coshKt + ;;-Awx(0)sinhKt 1 * *  

= AwZ (0) COShKt -1- --AwZ 1 .  (0) sinhKt 
AwZ 

The initial values of the derivatives are available from (4l),and 

Awx = AwX (0)coShK.t - d-Awz ( 0 )  sinhKt 

= Awz(0)coshKt - /-Awx(O)sinhKt (42) 
AwZ z x  

These are the angular velocity perturbations caused by initial 
deviations. 
and Awz whezeby second and higher order terms may be neglected, 

The equations are valid for small values of Aux 

The next task is to solve a differential equation for the 
perturbatian of the resultant rotation from the reference rota- 
tion occurring about the shuttle's y-axis. 
is 

A convenient equation 

1 -B P = 2 p w  

where p is the quaternion of rotation defined as 

p = A + T ;  

and 

( 4 3 )  

(44) 

8 x = C O S T  

- - e  p = nsin- 2 
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where 

t h e  s h u t t l e ' s  i n i t i a l  o r i e n t a t i o n  t o  i t s  o r i e n t a t i o n  a t  t i m e  

t and 

o r i e n t a t i o n s .  H e r e  w denotes  s p e c i f i c a l l y  t h e  body's  

components of w and 5 i s  t h e  d e r i v a t i v e  of p w i t h  r e spec t  

t o  the body's  a x i s  frame. 

i s  the  u n i t  vec to r  a long t h e  a x i s  of r o t a t i o n  f r o m  

0 (measured about G) i s  t h e  angle  between t h e  t w o  
-B 

The perturbed equat ion i s  

1 -B -B + PAW ) A$ = $ A p w  

or 

-B where t h e  components of A w  a r e  given by (42) . Solving (43) 

f o r  LC) gives  -B 

-B -1 
w = 2 p  h 

Since 

-1 
P P = l  

t h i s  i s  equiva len t  t o  

and s u b s t i t u t i o n  i n t o  (45) g ives  

-1 Multiplying on t h e  r i g h t  by p , 
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or 

This i n t e g r a t e s  i n t o  

and 

The i n t e g r a  i s  the  t ransformat ion  from t h e  body components 

of A; t o  t h e  i n e r t i a l  components, 

where 

M =  

-B -1 -B PAW p = MAw 

_. - 
cosw T 0 sinw 1: 

0 1 0 
Y Y 

-sinw T 0 cosw 'I 
- Y  - Y 

(47) 
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CoshKTsinw T 
Y 

SinhKTcOsw T 
Y 

sinhKTsinw T 
Y 

It i s  next  shown t h a t  t h e  i n t e g r a l  of such a combination i s  

l ikewise  a l i n e a r  combination of t h e  same func t ions ,  L e t  

F J A CoshKTcosw T + A coshKTsinw T 11 Y 12 Y 

where t h e  A are a r b i t r a r y  cons tan ts .  Then i j  

f Al2(~S inhK~s inw 7 + w COShK-cCOSw T) Y Y Y 

(Kcoshmcosw T - w s inhmsinw T )  
+ A 2 1  Y Y Y 

or 

dF B COShKTCOSw T i- B COshKTSinw T 
d-c 11 Y 12 Y 

+ B21 Y Y 

- =  

SinhKTCOSw T + B 2 2 s i n h ~ ~ s i n w  T 

where 

Bll = w Y A 1 2  + K A 2 1  

B = -wYAl1 -I- KA22 
12 
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= K A  + w A  
B2 1 11 Y 22  

are given (as i n  t h e  p re sen t  problem), t h e  A are 
If the B i j  i j  
obtained a s  

KB21 - WyB12 
2 2 

Y 

A =  
11 

K + W  

- KB22 + WyBll 
2 2 

Y 
K + w  

A12 - 

K B  - LLI B22 

K 2  4- W 

- 11 - 
2 
Y 

A 2 1  

y 2 1  

Y 

KB + w B  - 1 2  - 
A22 K 2  + W 2 

L e t t i n g  

it is seen from t h e  preceding formulas t h a t  

F = A CoshKtcosw t + A COShKtSinw t 
X 11 Y 1 2  Y 

sinhlctcosw t + A sinhKtsinw t - A 
+ A21 Y 22 Y 11 

where 

J AW (0) 

Y Y 

z z  
- K ~ A w  (0)  - w A w Z ( O )  

x z z  - - -- e - 
2 J W K 2  + W 

All 
Y 

6 3  



Simi la r ly  

F = C coshKtcosw t + C CoshKtsinw t 
Z 11 Y 1 2  Y 

11 + c sinhKtcosw t + C SinhIctSinw t - C 
2 1  Y 22 Y 

where 

5 1  

5 2  

c21  

c22 

K & T A w  (0) + w Aw (0)  x z z  y z  = -A = -  
2 2 I. 1 

+ %  

KL + WL 

' Y  

-KAW ( 0 )  - W & T A U  ( 0 )  

K2 + W 

- y z x x  - X - - 
2 
Y 

2 1  -A 

so t h a t  

F = A COShKtCOSw t - A COShKTSiIlw '1: 
Z 1 2  Y 11 Y 

+ A KsinhKtcosw t - A sinhlc-csinw T - A12 
22 Y 2 1  Y 
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Finally, from (46) and (44) 

1- 
2 

Ap = -F(X + p:) 

or 

and 

or 

Substituting for h 

(u 

and p in terms of w t, 
Y 

L i 

This equation becomes somewhat involved when the formulas for 
F and FZ are substituted into it. A simplification follows. 
X 
In matrix-vector form 

1 
2 1  A p = - M F  

where 

9 
l o s g  2 -sin 2 

- 
M1 - 
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The components Fx and FZ can themselves be expressed in terms 
of another vector g, 

- F M2G - A 

where 

- M2 - 

cosw t sinw t 

~ in*: t c o s u ~ ~  

= A COShKt + A21sinhKt 

GZ = A12coshKt + A22sinhKt 
Gx 11 

Substituting (49) into (48) 

1 Ap = -(M PI 2 1 2  - MIA) 
which becomes 

1 P = 2  

u t  w t-  Y sin- Y 
2 cos- 2 

(I) t 
Y 
2 

w t  Y .sin- 2 cos- 

1 
2 

c -  

u t  w t  Y -sin- Y 
2 cos- 2 

w t  w t  
cos- Y 

2 
Y sin- 2 - L 

IC 
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Then 

w t  w t  - 1 
AP, - (G, - A l l ) c o s  2 + ( G ~  +  sin T Y 

w t  u t  
Ap, - - 2 1 -(Gx + Al1)sin7 + (Gz - A l 2 ) c 0 s +  

2.2.3 Autopi lot ,  Propulsion, and Vehicle E f fec t s  

MIT has conceived a j e t  s e l e c t i o n  l o g i c  program f o r  use 

with t h e  a u t o p i l o t  which could be used on t h e  SSV. 

gram is  proposed f o r  opera t ion  dur ing  s e v e r a l  phases of t h e  

SSV mission inc luding  t h e  docking operat ion.  

This pro- 

Because of t h e  s p e c i a l  na ture  of t h e  guidance law, t h e  

threshold ing  of engine (RCS) f i r i n g s  might w e l l  be accomplished 

by t h e  guidance computer. 

l a te r  s tud ie s .  

This problem should be reviewed i n  

2.2.4 O r b i t a l  Disturbances and E f f e c t s  

Two po in t  masses i n  sepa ra t e  o r b i t s  have r e l a t i v e  dynam- 

ics which e x i s t  between them because of t h e  presence of the  

g r a v i t a t i o n a l  f i e l d .  

mechanics involved is: 

An approximate expression f o r  t h e  o r b i t a l  

where, 
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- 
. r r e l a t i v e  p o s i t i o n  (subject-sensor)  - 

u n i t  vec tor  ( e a r t h  c e n t e r  t o  e i t h e r  vehic le )  

R d i s t ance  ( e a r t h  cen te r  t o  e i t h e r  veh ic l e )  - 
a t h r u s t  a c c e l e r a t i o n  

T 
E e a r t h ' s  g r a v i t a t i o n a l  cons tan t  

This  equat ion has  an accuracy of 1 p a r t  i n  l o 4  and appears 

t o  be s u f f i c i e n t l y  accura te  for  incorpora t ion  i n t o  box (8) of 

Figure 5. 

2.2.5 Geometry Update Solu t ions  

The effects  of t h e  guidance ou tpu t s ,  a u t o p i l o t ,  veh ic l e ,  

and engine outputs  and o r b i t a l  d i s turbance  e f f e c t s  should be 

u t i l i z e d  i n  t h e  geometry update equat ions ,  box (l), € igure  5 

t o  c l o s e  t h e  s imulat ion loop, Completion o€ t h e  programming 

of t h i s  and t h e  preceding would provide t h e  c a p a b i l i t y  f o r  

eva lua t ion  of t h e  performance of t h e  angle  only  and o ther  

docking sensor conf igura t ions .  

2.3 Kalman F i l t e r i n g  Assessment  

During t h e  course of t h i s  program two approaches t o  de te r -  

mine t h e  enhancement Kalman f i l t e r i n g  provided t o  t h e  b a s i c  

docking sensor d a t a  w e r e  employed. 

The f i r s t  which was repor ted  i n  t h e  Summary and Currer.? 

S t a t u s  Report ,  dated D e c e m b e r  9 ,  1970 i s  included he re in  f o r  

completeness: 

L e t  be t h e  estimated state vec tor  

and E t h e  c o r r e l a t i o n  matrix of unce r t a in ty  i n  t h e  s t a t e  
* 

vec to r  
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Active Sensor 

Figure 14. Geometry f o r  Kalman F i l t e r  Study. 

a 

h' 
i s  angle  measured between t w o  target courses  

i s  a u n i t  vec to r  i n  plane of measurement perpendicular  

t o  one l ine-of -s ight  

R i s  range t o  t a r g e t  

The measurement update equat ions  are 

- ; G ( a  - $ )  
2 - X ' = X +  

m b * E g + c r  
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and 

where 

X ' ,  E '  = new e s t i m a t e  of s ta te  and u n c e r t a i n t y  

B = angle  c a l c u l a t e d  assuming old E 
5 = inst rument  measurement accuracy 

5 = S / R  

The procedure employed w a s  t o  s ta r t  w i t h  E large enough t o  

m 

* 
* 

r ep resen t  a p r i o r i  knowledge of 2 and t o  update 2 and E once f o r  

each angle  t h a t  can be measured. 

s e n t s  t h e  accuracy t o  which a sensor  of accuracy 0 

p o s i t i o n  under t h e  given geometry. 

d i r e c t i o n  'f; (such as  range or  e l e v a t i o n  set) can be found by 

s o l u t i o n  of t h e  fol lowing equat ion:  

-k 
The r e s u l t i n g  E matrix repre-  

can f i x  t h e  m 
The l o  u n c e r t a i n t y  i n  any 

Resu l t s  of t h i s  a n a l y s i s  i n d i c a t e  marked improvements i n  

p o s i t i o n  (and o t h e r )  knowledge can be achieved a s  a r e s u l t  of 

employing e s t ima t ion  techniques for  docking, See Table 2 for  

t h e  p r e s e n t a t i o n  of t h e  computed va lues  of p o s i t i o n  and v e l w i t y  

u n c e r t a i n t i e s  wi th  Kalman f i l t e r i n g  employed. 

SectiQn 2.1 shows s imula t ion  r e s u l t s  of p o s i t i o n  accuracy 

without  t h e  b e n e f i t  of f i l t e r i n g ,  

The second s tudy,  a l so  previous ly  r epor t ed ,  developed 

l i n e a r i z e d  equat ions  around a nominal s ta te  c o n s i s t i n g  of 

1. Zero angular  misalignment between sensor  axes and 

t a r g e t  ( i n e r t i a l )  axes .  
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RANGE 

TABLE 2 

Position and Velocity Uncertainties 

Measurement accuracy 1 arc min 

* Optical target perfect' 
One independent measurement per second 

AV application and measurement perfect 

POSITION SIGMA VELOCITY SIGMA 

= LOS LOS = LOS LOS 

200 ft 10 ft 0.5 Et 0.2 FPS 0.01 FPS 
10 0.01 0.001* 0.001* <o. 001** 
1 0.001* <o. 001* <o. 001** <0.001** 

* Limited by optical properties of target and 
sensor to -0,001 ft 

** Limited by AV application and measurement to 
u0.002 FPS 
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2 ,  Zero angular  ra te  between sensor and t a r g e t  axes,  

3 .  Zero r e l a t i v e  l i n e a r  v e l o c i t y ,  

4. Rela t ive  p o s i t i o n  vec tor  having only t h e  x-component 

non-zero. 

The t a r g e t  was i n  a 150 n m i l e  o rb i t  about a s p h e r i c a l  

Ear th ,  and w a s  i n  a p e r f e c t  i n e r t i a l  a t t i t u d e  hold,  with the  

x-axis o u t  of plane and t h e  z-axis  i n i t i a l l y  up. N o  t h r u s t i n g  

or l i m i t  cyc l ing  w a s  assumed, A complete measurement incorpora- 

t i o n  (azimuth and e l e v a t i o n  f o r  three t a r g e t  l i g h t s )  was made 

every 1/2 second, and a t o t a l  of t e n  complete incorpora t ions  

were made a t  each value of range i n  a given set of runs.  The 

t a r g e t  a x i s  w a s  assumed t o  be centered  a t  l i g h t  #lo The s t a t e  

vec tor  f o r  t h e  problem c o n s i s t s  of t h e  r e l a t i v e  l i n e a r  p o s i t i o n  

and v e l o c i t y  of t h e  body with respect t o  t h e  t a r g e t  and t h e  

r e l a t i v e  angular p o s i t i o n  and v e l o c i t y  of the body w i t h  r e spec t  

t o  t h e  t a r g e t ,  a l l  expressed i n  body coord ina tes ,  

The r e s u l t s  i n d i c a t e  t h a t  t h e  l i n e a r  f i l t e r i n g  technique 

p r e d i c t s  r m s  e r r o r s  s i g n i f i c a n t l y  lower than  those obtained 

using t h e  a l t e r n a t e  d e t e r m i n i s t i c  method. 

errors a t  ranges less than  50 f t ,  al though not  t o  be e n t i r e l y  

t r u s t e d ,  do i n d i c a t e  t h e  power of t he  measurements a t  these 

ranges and i n d i c a t e  t h a t  l i n e a r  f i l t e r i n g  techniques w i l l  l e ad  

t o  a successfu l  docking, Of p a r t i c u l a r  importance i s  t h e  good 

l i n e a r  p o s i t i o n  and v e l o c i t y  information perpendicular  t o  t h e  

l ine-of - s igh t  a t  l a r g e  ranges,  T his should a l l o w  e f f i c i e n t  

v e l o c i t y  c o r r e c t i o n s  t o  be made e a r l y  i n  the  mission t o  keep 

t h e  veh ic l e  w i th in  t h e  opera t ing  cone.. An added advantage of 

t h e  f i l t e r i n g  technique i s  t h a t  it has  a t  a l l  t i m e s  t h e  (pre-  

d i c t ed )  covariance matr ix  of e s t ima t ion  errors. This information 

would be of p a r t i c u l a r  value t o  an  o u t e r  loop which must  decide 

The extremely small  
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when to alter the velocity along the line-of-sight. 

Results of this study are presented in tables 3 ,  4 ,  and 
5. The parameters (position, velocity, attitude, and attitude 
rate) are calculated and are based upon estimates of the line- - 

of-sight angles to the individual targets. Table 3 presents 
results that are comparable to the calculated results shown 
in Table 1 section 2.1) where raw sensor data was used as a 
basis of computation. The results shown in table 1 are based 
upon a single measurement whereas the results employing esti- 
mation techniques are rms values. 

. 

A comparison of tables 4 and 5 show the improvement in 
estimation realizable with tighter initial conditions. Again 
the positional cross track uncertainties are small in compar- 
ison to the track uncertainties at long ranges and indicate 
lateral control is effective regardless. 
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3.0 Conclusions and Recommendations 

T h i s  s tudy program has  proven t h e  func t iona l  f e a s i b i l i t y  

of u t i l i z i n g  an angle  oqly sensor:  opera t ing  i n  cooperat ion 

with a t a r g e t  a r r a y  of known phys ica l  dimensions, mounted on a . 

pass ive  vehic le ;  during t h e  automatic docking of l a r g e  spacecraf t .  

A parametric a n a l y s i s  i s  requi red  t o  optimize t h e  sensor / ta rge t  

conf igura t ion  t o  a s c e r t a i n  such f a c t o r s  a s  sensor field-of-view 

scale change requirements,  o p e r a t i n g  wavelength, t a r g e t  s i z e  and 

conf igura t ion ,  and o the r  parameters f o r  u t i l i z a t i o n  during t h e  

docking mission. Effects of t h e  opera t ing  l i m i t s  for t h e  sen- 

s o r ,  t h e  p r o f i l e ,  veh ic l e  conf igura t ion ,  background condi t ion ,  

and o the r  f a c t o r s  should be r e f l e c t e d  i n  t h e  f i n a l  sensor sub- 

system design. Benef i t s  der ived from Kalman es t ima t ion  tech-  

niques were inves t iga t ed  during t h e  study. The r e s u l t s  

show considerable  promise f o r  t h e  u t i l i z a t i o n  of these  techniques 

where t h e  angle  only sensor concept i s  employed. 

A compbter s imulat ion program w a s  conceived and p a r t i a l l y  

implemented, The o v e r a l l  program was intended t o  s i m u l a t e  t h e  

complete automatic docking process  from a given set  of i n i t i a l  

condi t ions  t o  a c t u a l  hard dock t ak ing  i n t o  account sensor per- 

formance, t h e  guidance law, t h e  a c t i v e  veh ic l e  a u t o p i l o t  con- 

f i g u r a t i o n ,  t h e  veh ic l e  response c h a r a c t e r i s t i c s , a n d  t h e  o r b i t a l  

effects-al l  i n  c losed  loop s imulat ion.  It w a s  intended t h a t  

p rovis ion  for t h e  eva lua t ion  of s e v e r a l  types  of sensors  be in -  

corporated i n t o  t h e  s imulat ion.  

Unfortunately t h e  complete s imulat ion was never accomplished 

because of t h e  l ack  of a v a i l a b i l i t y  of v a l i d  guidance equat ions  

u n t i l  near t h e  end of t h i s  program. Derivat ion of t he  guidance 

equat ions  which provide commands for simultaneous c o n t r o l  of 
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a c t i v e  veh ic l e  t r a n s l a t i o n  and r o t a t i o n  which minimizes Av 

consumption and a l lows  t h e  docking maneuver t o  be performed 

s a f e l y  and i n  a minimum amount of t i m e  w a s  accomplished. 

Severa l  a l t e r n a t i v e  schemes for  t h e  guidance law w e r e  con- 

sidered dur ing  t h e  course  of t h e  study. Equations for  t w o  

a l t e r n a t i v e  guidance methods and a r e l a t e d  s t a b i l i t y  a n a l y s i s  

a r e  presented he re in .  Fur ther  information regarding t h e  ve- 

h i c l e  c h a r a c t e r i s t i c s  and c o n t r o l  conf igu ra t ion ,  and t h e  de- 

s i red docking p r o f i l e  (s )  are necessary before f i r m  guidance 

law parameters can be e s t ab l i shed .  

It i s  recommended t h a t  t h e  computer s imula t ion  be c o m -  

p l e t ed  i n  any f u t u r e  e f f o r t .  A closed loop program would be 

an  extremely u s e f u l  t o o l  f o r  f u r t h e r  a n a l y s i s  where  many sets 

of sensor  and system parameters must be examined. Such a t o o l ,  

w i t h  proper v a r i a b l e s ,  can be used t o  v e r i f y  t h e  performance 

of many d i f f e r e n t  s enso r s  wi th  many a u t o p i l o t  and veh ic l e  

conf igura t ions  under va r i ed  environments and w i t h  d i f f e r e n t  

guidance laws. Kalman f i l t e r i n g  and other  enhancement tech-  

niques should be included i n  t h e  s imula t ion  because of t h e  

h i g h  accuracy t h a t  t h e  docking of l a r g e  space veh ic l e s  requires. 

In so fa r  a s  t h e  guidance equat ions  a s  discussed he re in  are 

concerned, it i s  recomnended t h a t  f u t u r e  e f f o r t  include:  

1. a comparison of t h e  per turbed s o l u t i o n  w i t h  t h e  

numerical s o l u t i o n  of t h e  exac t  ( E u l e r ' s )  equat ions  for  

accuracy and number of s o l u t i o n s ,  

2 .  dev is ing  a d e f i n i t i o n  of t h e  "best" s o l u t i o n  (when 

t w o  or more e x i s t ) ,  
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3 .  an examination of the  e f f e c t  of g r a v i t a t i o n a l  torque 
on t h e  s h u t t l e ,  

4. an  examination of the effect of r o t a t i o n  of t h e  space 

s t a t i o n .  

During t h i s  s tudy it w a s  assumed t h a t  the SSV onboard 
computer capac i ty  w a s  s u f f i c i e n t  t o  adequately accomplish t h e  
docking opera t ion ,  
developed u n t i l  the end of t he  s tudy,  computer s i z i n g  w a s  n o t  
accomplished, 
s i z i n g  be accomplished i n  any f u t u r e  study. 

Inasmuch as t h e  quidance equat ions w e r e  no t  

It i s  recommended computer requirements and 

F i n a l l y  it is  recommended t h a t  t h e  s e v e r a l  sensor  sub- 
systems under cons ide ra t ion  f o r  autornatzc docking be evaluated 
and t h e  better candidates  he designed f o r  the s p e c i f i c  mission 
and equipment. I t  i s  only  a f t e r  the sensing equipment has  been 
f ab r i ca t ed ,  c a l i b r a t e d ,  and tested t h a t  enough w i l l  be  known t o  

adequately implement i t s  parameters i n t o  t h e  computer simulation. 
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